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ABSTRACT: In this paper we obtained some interesting truncated Gaussian hypergeometric summation
theorems whose arguments, numerator and denominator parameters are real numbers. A known results of S.
Ramanujan, K.R. Rama Aiyar and K. Appukuttan Erady also obtained as a special case of our findings.
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I. INTRODUCTION

The Pochhammer symbol or generalized factorial function or shifted factorial is defined by

I'(a+n) Ln=0
(a), =———= (1)
I'(a) a(a+D(a+2)....a+n-1);n=123...

Where a # 0,—1,—2,...and the notation ‘I"” stands for Gamma function.

[(a,)], = (@), (@), (a,), H<a) Gt @

na 1(a,)
Where a,,a,,...,a,,b,b,,...,b, and z may be real and complex numbers.
(a)_n I'a-n) (=1 3
L@ (-a),
Where a #...—3,-2,-1,0,1,2,3,... 4)
and n =1,2,3,... )]

Non Terminating Gaussian Hypergeometric Series: The generalized hypergeometric function of one variable is
defined as in Prudnikov (1986) [1, p.437]:

) F{al,az,...,aA;Z} =S @, (@), 00, 2 o F{wn;z} _gl@, & ©
bisbysesbyy | 0% (0), (D)), (By), 1! (bp): | 3 [by)], n!
Where are neither zero nor negative integers.

Terminating Gaussian Hypergeometric Series: The terminating generalized hypergeometric function of one
variable is defined as

-n,(a,); = (—n), (a),(ay),...(a,), 7"
F — n n I
{ ®,); Z} 2 b),(by),..(by), 1!

Where n is non-negative integer and are neither zero nor negative integers.
Truncated Gaussian Hypergeometric Series: The terminating generalized hypergeometric function of one
variable is defined as

(a,); (a),(ay),--(a,), 2"
F - 8
A B{(b) } Z(b) (by),---(by), n! v

Where are neither zero nor negative integers and the suffix ‘n’ indicates that only first (n+1) terms of F series are to
be included in the expansion, given in slater (1966) [ 2, pp.83-84(2.6.1.1, 2.6.1.7, 2.6.1.9)].
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Lemma: If a, p and n_are suitably adjusted real or complex numbers such that with associated pochhammer's
symbols we can defined
a+p
a(%0),

& vV k=0123,... )
(),

Proof: By the definition of pochhammer's symbol (a); = % and using the recurrence relationI'(z + 1) = z I'(2),
then we take R.H.S,

(58, ar2en ()

14

o) (E ey

(a+kp) =

This is L.H.S.
It should be remarked that Ramanujan has no notation for hypergeometric series [9 and 10,(part-1I),p.8]. All
formulas are stated by writing out the first few terms in each series.
R.P. Agarwal [1] gave the following correct forms of Slater's theorems for truncated hypergeometric function.
Ao, Aq; (M +ag)y(1+ay)y
Al 1, =
+by; Tl (1+ by N!

Where ay, +a; = b;

F [ Qp, Ay, Az; ] _ (1+ap)y(1+a)y(1+a,)y
37211+ by, 1+ by; 7l (1+ b))y (1 +by)y N!
Subject to the condition:
a,+a, +a, =b;+b,
aga, +a,a, + aya, = bb,
apga,a, # 0

F [ Ao, 41, Az, A3; ] (M +ag)y(A+a)y(l+a)y(1+as)y
3114 by, 1+ by, 1+ bs; 7 (14 b))y (1 +by)y (1+b3)y N!
Subject to the condition:
a,+a, +a, +a; =b; + b, + by
apa, + aya, + ayga; + a,a, + a,a; + a,a; = byb, + byb; + b, by
ap,a,a, + aya,a; + aga,as + a;a,a; = b b, b
Lemma: If a and b are parameters and c#1 then
1
<(b+z)—(a+z)c5>
1
1—cP k

lim,_,, ———m—=1 (10)
<(b+1)—(a+1)c§>
1
1-cP k
Proof:
Consider the L.H.S
1 1
b+1)—(a+1cP+1—cP
T
1—cpP .
= lim
c-1

(b+1)—(a+ 1)c%

—cp
1—-c¢ X
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1
(b+1) - (a1+ 1)cp 1

1—cpP

= lim
c—-1

(b+1)—(a+ 1)c%

1—cpP

1
(b+1) - (a1+ 1)cp Tk

1—cpP

(b+1)—(a+ 1)c%

= lim
c—-1

1—cpP

(b+1)—(a+1)c%+k(1—c%)

= lim
c—-1

b+1)-(a+ 1)c%

_b+l-a-1+k—k

b+1—a-1
_b—a_1
==

Which is right hand side.

Question 700 by S. Ramanujan [8,p.199], Rama Aiyar and Erady [7,p.152] see also Nagarajan and Soundararajan
[5,p-15], Hardy and Wilson {4,p.331] and Rao [11,,p.48]

As an example of Ramanujan's elementry Mathematics which possesses some novelty, we refer to the question 700
posed by him in the journal of Indian Mathematical Society [8, (VII), p.199]. Sum the series

ay? a(a+1) 2 a(a+ 1)(a+2)
b+1)1— b+3){—= b+5)\——"F==
@+b+ ){b} tlatb+ ){b(b+1)} tlatb+ ){b(b+1)(b+2)
to n terms. The solutions were provided by K.R. Rama Aiyar and K. Appukuttan Erady[7, VIII, p.152]. It should be
remarked that Ramanujan has no notation for Hypergeometric series stated by Berndt, Choi and Kong S-Y [2, (Part-
1D),p.8].
Euler’s Identity: it is stated by Berndt and Rankin in on of his paper [3,p.243]

2
} + ---n terms

n k n+1
Sla-a [Jof=1- ]
k=0 j=1 j=1

Where H?zl = 1 (Empty product stated as unity and n is non negative integer)
Proof: Consider the L.H.S.

k 0 1 2 3
M:EZG—@HHTQ =u—¢ﬂi¢+u—@ﬂi@+ﬂ—%ﬂi@+u—mﬂi¢+w
j=1 j=1 j=1 j=1 j=1

k=0
n-1 n
ra-ay] [a+a-d.] [
j=1 j=1

=(1—d).1+ (1 —dy)d, + (1 —dy)dyd, + (1 —d,)dydyds + -+ (1 —dy)dydy ...dy_4
+ (1—dy,)dyd, ..d,
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=1-d, + d; —dyd, + dyd, — dydyds + dyd,ds — dydydsd, + -+ dydy ...dy_y — dydy ..dy_id,
+ dydy .d, — dyd, ...dydp,,
n+1
=1-d,d,..dydy =1— ﬂd].
j=1

This is right hand side.
II. MAIN RESULTS

1a+1a+1a+b+4 , .
_ (b+1) [ _ (a+1)n+1] (11)

4F a+b+2 1 T (b-a)(a+b+2) (b+1)2,,

b+2,b+2,——

n

[ 6+B—VB2—12C 6+B++VB2—12C |
[l,a+1l,a+1,a+1, ) o
oFs | 6 6 1]

l B—+B2—12C B++VB%?-12C J

b+2,b+2, )
+ + 3 3

n
_ 1 (b+1Dj—(a+Djn
" (b—a)(@®+b2+ab+3a+3b+3) (b+2)3

’

(12)

Where B=3a+3b+6, C=a*>+b?*+ab+3a+3b+3
III. DERIVATIONS

(a+]) . . . _ (a+k+1)?
e in Euler’s identity, therefore d; ,, = Drkr

we get

(D Put d; =

n 2\ & 2 2

z 1_(a+k+1) (a+].) - (a+].) (13)
(b+k+1)2) 1 1(b+))? L 1 (b +j)?

k=0 j=1 j=1

Simplify the L.H.S of (13), we get

_zn: (b+k+1)2— (@+k+1?\ 77@+))?

B (b+k+1) L+

k=0

O —a)@+ b+ 2k +2)| (a+ D?(a +2)%(a +3)? .. (a + k)?
- (b +k+1)? (b + 1)%(b + 2)2(b + 3)?...(b + k)?
B = (a+ b+ 2k + 2){(a+1),}?
—(b—@Z (b+k+ DB+ D)2 ]
(a+ b+ 2k+2){(a+1),}?
=6 “)Z G+ Dt ]
_ (b—a) (a+b+2k+2)(a+ )(a+1),
b+ + 1) £ (b+2),(b+2),

n +b+4
_b-a@tbt2) (a—) (a+Di Wi (q)r
G+ L (HQ;H)’C(MZ)% ol
a+b+4
_(b-a)a+b+2) La+latl,—m—;
- b1y v a+b+2 (15)

b+2,b+2,——/—;
2 n

(14

Now simplify the R.H.S of (13), we get
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(a+1)?@+2)?*@+3)?..(a+n)la+n+1)?
T b+ 1D2Mb+22(b+3)%...(b+n)?(b +n+ 1)2

a+1
=1— ( )n+1 (16)
b+ 132,
Therefore, by equating equation (15) and (16), we get the result (11)
a+b+4
; l,a+1,a+ I,T; - (b + 1)? (a+1)n+1]
473 a+b+2 (b-
b+2.b+2, , (b-—a)(a+b+2) b+ 132,
2 n
(a+]) (a+k+1)3
(ID) Put d; = e in Euler’s identity, therefore d, ,, = G Ve get
k 1
i L _latk+ D Py _l_ﬁ(a+j)3 an
b+k+1)32/110B+))3 L 1 (b+j)3
k=0 j=1 j=1

Consider the L.H.S of equation (17)
n

:Z(b—a){(b+k+1)2+(a+k—1)(b+k+1)
=0 (@+1)%a+273@+3)3...(a+k)?

b+13(b+23b+3)3...(b+k)30b+k+1)3
(a+ 1)}
b+ 13,

+(a+k+1)%}

=(b—a)Z{3k2+(3a+3b+6)k+(a2+b2+ab+3a+3b+3)}

k=0

B VBZ—-12C B VBZ—12C\ (a+1)}
—3(b—a)z<k+ - ><k+g+ - )(b+1)k+1

Where B=3a+3b+6, C=a? +b2+ab+3a+3b+3
Now using the identity (9), we get

= . (@+k+ 1%\ 77 (@ +))° _3(b-a) (B VB?—12C\(B VB?—12C

R =y

( \/BZ—IZC+6> <B+\/BZ—IZC+6>

3 6 L@+ D@+ Dyla+ D), (1), (DF

<B+\/BZ—IZC> (b +2),(b+2),(b+2), k!
6

k=0

k=0

k k

[ 6+B—+VB2—-12C 6+B++VB2—-12C |
36(b — a) [L,a+lLa+1la+1, 3 ) 3 N
= oF: | 1l (18)
(b+1) B—+VB?—12C B++VB2—-12C
b+2,b+2,b+2, G , G ;
Where B=3a+3b+6, C=a?+b?>+ab+3a+3b+3
The R.H.S of equation (17), we have
B (a+1)3@+2)32@+3)?..(a+n)3@+n+1)3
b+1)3b+22Bb+3)3...(b+n)Bb+n+1)3
(a+ 1)n+1
(b +1)3,,
_ b+ D54y —(@a+ 134y (19)
b+13,,

Now equating L.H.S (18) and R.H.S (19) and using identity (5), we get
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[ 6+B—+vVB2—12C 6 +B+VB2—12C |
Il,a+1,a+1,a+1, c , 3 ; I
F. 1
s B—+vVBZ—12C B +VBZ—12C
b+2,b+2b+2, - , c ;
_ 1 b+D5—(@+1);,
" (b—a)(@®+b2+ab+3a+3b+3) (b+2)3
Where B=3a+3b+6, C=a?+b>+ab+3a+3b+3
This is result (12).
IV. DISCUSSION
In the derivation of (11), if we consider equation (14) and (16), we have
(b—a) N [@+b+2k+(@+Dela+D,] . (a+ iy
b+DOB+D & (b +2);(b + 2), T (D
Replace a by a-1, b by b-2
b-2—a+ 1)2": [(a— 1+b—2+ 2+2k)(a)k(a)k] _ @i
(b - 1)2 = (b)k(b)k B (b - 1)721+1
i (atb+2k ~ 1)(a)k(a)k] G VS PR O} ]
prmr (b)) (b)) (b—a—-1) (b — 1)721+1
Z (a+b+ Zkz_ 1)(a)i] _ 1 [(b —1)2— (@)741(b 2_ 1)?
L (b)? (b—a-1) (b-1)2,,
@o(@o N [(@a+b+2k— 1)(a)k(a)k] 1 [ (@)341(b — 1)?
b—1)——22 = h—1)2 - Hne10— 2
S GORO] +,Z DOEOR o-a-|" "V " To-0z,
Cletbt2k-D@i] 1 s @Fa (b= 1)
2. 7 ]‘(b—a—l)[(b_” BRCEDEO IR

k=1

_ 1 b 2 (@71 (b —1)? b b
_m[( —1) —m—( —1—(1)( —1+a)]

1 2 (@71 (b —1)? 2 2
=T_1)[(b—1) —— — (-1 +a)]

(b (b —1)*(b);
N (a+b+2k—1)(a)i]_ 1 [2_(a)%+1]_
Z ®)7 BCErED] ST B
Therefore
ay? a(a+ 1)? a(a+1)(a+2) 2
(a+b+1){3} +(a+b+3){m} +(a+b+5){b(b+1—)(b+2)} +---n terms

1 2
= a
(b—a-1) (b7
Where b # a + 1.
Which is well known solution of Appu Kuttan and Rama Aiyar [4,p.331, see also 8,p.199, 7,p.152] and it is correct
form of misprint result of Berndt and Rankin [3, p.242].

V. CONCLUSION

In this paper we obtained truncated hypergeometric form for 4F; and ¢Fs. First truncated hypergeometric form for 4F;
is used to calculate the sum the series

_ (@741 ]
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a2 a(a +1))° a(a+1)(a+2)
(a+b+1){3} +(a+b+3){m} +(a+b+5){b(b+1—)(b+2)

It means this truncated hypergeometric form can be used for calculating the sum of other complex series. Secondly,
obtained one more truncated hypergeometric form for ¢Fs that includes more numerators and denominators
parameters. It generates sum of other series which was not possible by other methods.
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