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ABSTRACT: In this paper we obtained some interesting truncated Gaussian hypergeometric summation 
theorems whose arguments, numerator and denominator parameters are real numbers. A known results of S. 

Ramanujan, K.R. Rama Aiyar and K. Appukuttan Erady also obtained as a special case of our findings. 
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I. INTRODUCTION 

The Pochhammer symbol or generalized factorial function or shifted factorial is defined by  

                                                     (1) 

Where and the notation ‘Γ’ stands for Gamma function. 

                                                                   (2) 

Where  and may be real and complex numbers.  

                                                                                                                                 (3) 

Where                                                                                                                           (4) 

and                                                                                                                                                           (5) 

 

Non Terminating Gaussian Hypergeometric Series: The generalized hypergeometric function of one variable is 

defined as in Prudnikov (1986) [1, p.437]: 

 OR                        (6) 

Where  are neither zero nor negative integers.  

Terminating Gaussian Hypergeometric Series: The terminating generalized hypergeometric function of one 

variable is defined as 

                                                                                 (7) 

Where n is non-negative integer and  are neither zero nor negative integers.  

Truncated Gaussian Hypergeometric Series: The terminating generalized hypergeometric function of one 
variable is defined as 

                                                                                                (8) 

Where   are neither zero nor negative integers and the suffix ‘n’ indicates that only first (n+1) terms of F series are to 

be included in the expansion, given in slater (1966) [ 2, pp.83-84(2.6.1.1, 2.6.1.7, 2.6.1.9)]. 
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Lemma:  If a, p and n are suitably adjusted real or complex numbers such that with associated pochhammer's 

symbols we can defined  

�� + ��� = � 
�� �� 
���           ∀    � = 0,1,2,3, … ..                                                        (9) 

Proof: By the definition of pochhammer's symbol ���� = ����������  and using the recurrence relation ��� + 1� = � ����, 

then we take R.H.S, � 
� + �� �� 
����
= � � 
� + �� + ��  � 
���

� 
� + �� � � 
�� + ��  

= � � 
1 + �� + ��  � 
���� 
1 + ��� � 
�� + ��  

= � 
�� + �� � 
�� + ��  � 
���
��� � 
��� � 
�� + ��  

= �� + ��� 

This is L.H.S. 

It should be remarked that Ramanujan has no notation for hypergeometric series [9 and 10,(part-II),p.8]. All 

formulas are stated by writing out the first few terms in each series. 

R.P. Agarwal [1] gave the following correct forms of Slater's theorems for truncated hypergeometric function.  ���  �!, ��;1 + #�;   1$% = �1 + �!�%�1 + ���%�1 + #��%   &!  

Where �! + �� = #�  (��  �!, ��, ��;1 + #�, 1 + #�;   1$% = �1 + �!�%�1 + ���%�1 + ���%�1 + #��% �1 + #��%   &!  

Subject to the condition: �! + �� + �� = #� + #� �!�� + ���� + �!�� = #�#� �!���� ≠ 0  *�(  �!, ��, ��, �(;1 + #�, 1 + #�, 1 + #(;   1$% = �1 + �!�%�1 + ���%�1 + ���%�1 + �(�%�1 + #��%  �1 + #��%  �1 + #(�%  &!  

Subject to the condition: �! + �� + �� + �( = #� + #� + #( �!�� + �!�� + �!�( + ���� + ���( + ���( = #�#� + #�#( + #�#( �!���� + �!���( + �!���( + �����( = #�#�#( 
Lemma:  If a and b are parameters and c≠1 then 

lim.→�
0�1�2�3���2�45

5345 6� 
0�1�5�3���5�45

5345 6�
= 1                                                                    (10) 

 Proof:  

Consider the L.H.S 

= lim.→�
0�# + 1� − �� + 1�8�9 + 1 − 8�91 − 8�9 6

� 
0�# + 1� − �� + 1�8�91 − 8�9 6

�
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= lim.→�
0�# + 1� − �� + 1�8�91 − 8�9 + 16

�  
0�# + 1� − �� + 1�8�91 − 8�9 6

�

                                  
 

= lim.→�
�# + 1� − �� + 1�8�91 − 8�9 + � 

�# + 1� − �� + 1�8�91 − 8�9
                                  

 

= lim.→�
�# + 1� − �� + 1�8�9 + � :1 − 8�9;

�# + 1� − �� + 1�8�9                                   
 = # + 1 − � − 1 + � − �# + 1 − � − 1  

 = # − �# − � = 1 

 
Which is right hand side. 

Question 700 by S. Ramanujan [8,p.199], Rama Aiyar and Erady [7,p.152] see also Nagarajan and   Soundararajan 

[5,p.15], Hardy and Wilson [4,p.331] and  Rao [11,,p.48] 

As an example of Ramanujan's elementry Mathematics which possesses some novelty, we refer to the question 700 

posed by him in the journal of Indian Mathematical Society [8, (VII), p.199]. Sum the series 

 �� + # + 1� <�#=� + �� + # + 3� >��� + 1�#�# + 1�?� + �� + # + 5� >��� + 1��� + 2�#�# + 1��# + 2�?�       + ⋯ B CDEFG 

to n terms. The solutions were provided by K.R. Rama Aiyar and K. Appukuttan Erady[7, VIII, p.152]. It should be 

remarked that Ramanujan has no notation for Hypergeometric series stated by Berndt, Choi and Kong S-Y [2, (Part-

II),p.8]. 

Euler’s Identity: it is stated by Berndt and Rankin in on of his paper [3,p.243] 

H I�1 − J���� K JL
�

LM� N = 1 − K JL
O��
LM�

O
�M!  

Where ∏ = 1!LM�  (Empty product stated as unity and n is non negative integer) 

Proof: Consider the L.H.S. 

Q� = H I�1 − J���� K JL
�

LM� N =O
�M!  �1 − J�� K JL

!
LM� +  �1 − J�� K JL

�
LM� +  �1 − J(� K JL

�
LM� + �1 − J*� K JL

(
LM� + ⋯

+ �1 − JO� K JL
OR�
LM� +  �1 − JO��� K JL

O
LM�  

 = �1 − J��. 1 +  �1 − J��J� +  �1 − J(�J�J� + �1 − J*�J�J�J( + ⋯ +  �1 − JO�J�J� … JOR�+  �1 − JO���J�J� … JO 
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= 1 − J� +  J� − J�J� + J�J� − J�J�J( +  J�J�J( − J�J�J(J* + ⋯ +  J�J� … JOR� − J�J� … JOR�JO+  J�J� … JO − J�J� … JOJO�� 

= 1 − J�J� … JOJO�� = 1 − K JL
O��
LM�  

This is right hand side. 

II. MAIN RESULTS 

 *�( S1, � + 1, � + 1, ��T�*� ;# + 2, # + 2, ��T��� ;    1U
O

= �T���2�TR�����T���  1 − �����V�52�T���V�52 $                                          (11) 

 

 W�X ⎣⎢⎢
⎢⎡1, � + 1, � + 1, � + 1, 6 + ] − √]� − 12_6 , 6 + ] + √]� − 12_6 ;

# + 2, # + 2, ] − √]� − 12_6 , ] + √]� − 12_6 ;    1⎦⎥⎥
⎥⎤

O
 

= 1�# − ����� + #� + �# + 3� + 3# + 3� c�# + 1�O��( − �� + 1�O��(�# + 2�O( d              �12� 

 

Where ] = 3� + 3# + 6,   _ = �� + #� + �# + 3� + 3# + 3 

III. DERIVATIONS 

(I) Put JL = ���L�2�T�L�2  in Euler’s identity, therefore  J��� = �������2�T�����2 , we get 

H Ie1 − �� + � + 1���# + � + 1��f K �� + g���# + g��
�

LM� N = 1 − K �� + g���# + g��
O��
LM�

O
�M!                             �13� 

Simplify the L.H.S of (13), we get 

= H Ie�# + � + 1�� − �� + � + 1���# + � + 1�� f K �� + g���# + g��
�

LM� NO
�M!   

 

= H c�# − ���� + # + 2� + 2��# + � + 1�� d �� + 1���� + 2���� + 3�� … �� + ����# + 1���# + 2���# + 3�� … �# + ���
O

�M!  

= �# − �� H c�� + # + 2� + 2�h�� + 1��i��# + � + 1��h�# + 1��i� dO
�M!  

= �# − �� H c�� + # + 2� + 2�h�� + 1��i�h�# + 1����i� dO
�M!  

= �# − ���# + 1��# + 1� H c�� + # + 2� + 2��� + 1���� + 1���# + 2���# + 2�� dO
�M!                    �14� 

= �# − ���� + # + 2��# + 1�� H k
� + # + 42 �� �� + 1���  �1��
� + # + 22 �� �# + 2���  
   �1���! lO

�M!  

= �# − ���� + # + 2��# + 1��    *�( k1, � + 1, � + 1, � + # + 42 ;
# + 2, # + 2, � + # + 22 ;    1l

O
                 �15� 

Now simplify the R.H.S of (13), we get 
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= 1 − �� + 1���� + 2���� + 3�� … �� + B���� + B + 1���# + 1���# + 2���# + 3�� … �# + B���# + B + 1��  

= 1 − �� + 1�O����# + 1�O���                       �16� 

Therefore, by equating equation (15) and (16), we get the result (11)  

 *�( k1, � + 1, � + 1, � + # + 42 ;
# + 2, # + 2, � + # + 22 ;    1l

O
= �# + 1���# − ���� + # + 2� c1 − �� + 1�O����# + 1�O��� d 

 

(II) Put JL = ���L�m�T�L�m  in Euler’s identity, therefore  J��� = �������m�T�����m , we get 

H Ie1 − �� + � + 1�(�# + � + 1�(f K �� + g�(�# + g�(
�

LM� N = 1 − K �� + g�(�# + g�(
O��
LM�

O
�M!               �17� 

Consider the L.H.S of equation (17) 

= H�# − ��h�# + � + 1�� + �� + � − 1��# + � + 1�O
�M! + �� + � + 1��i �� + 1�(�� + 2�(�� + 3�( … �� + ��(�# + 1�(�# + 2�(�# + 3�( … �# + ��(�# + � + 1�( 

= �# − �� Hh3�� + �3� + 3# + 6�� + ��� + #� + �# + 3� + 3# + 3�iO
�M!

�� + 1��(�# + 1����(  

 

= 3�# − �� H e� + ]6 − √]� − 12_6 fO
�M! e� + ]6 + √]� − 12_6 f �� + 1��(�# + 1����(  

Where ] = 3� + 3# + 6,   _ = �� + #� + �# + 3� + 3# + 3 
Now using the identity (9), we get 

H Ie1 − �� + � + 1�(�# + � + 1�(f K �� + g�(�# + g�(
�

LM� N = 3�# − ���# + 1�(
O

�M!  e]6 − √]� − 12_6 f e]6 + √]� − 12_6 f 

×  H e] − √]� − 12_ + 66 f� e] + √]� − 12_ + 66 f�e] − √]� − 12_6 f� e] + √]� − 12_6 f�

O
�M!

�� + 1���� + 1���� + 1��  �1���# + 2���# + 2���# + 2��   �1���!      

=  36�# − ���# + 1�(  _  W�X ⎣⎢⎢
⎢⎡1, � + 1, � + 1, � + 1, 6 + ] − √]� − 12_6 , 6 + ] + √]� − 12_6 ;

# + 2, # + 2, # + 2, ] − √]� − 12_6 , ] + √]� − 12_6 ;    1⎦⎥⎥
⎥⎤

O
          �18� 

Where ] = 3� + 3# + 6,   _ = �� + #� + �# + 3� + 3# + 3 
The R.H.S of equation (17), we have = 1 − �� + 1�(�� + 2�(�� + 3�( … �� + B�(�� + B + 1�(�# + 1�(�# + 2�(�# + 3�( … �# + B�(�# + B + 1�(  

= 1 − �� + 1�O��(�# + 1�O��(   
= �# + 1�O��( − �� + 1�O��(�# + 1�O��(                                             �19� 

Now equating L.H.S (18) and R.H.S (19) and using identity (5), we get 



                                                                                  Ahmad                                                                              325
 

 W�X ⎣⎢⎢
⎢⎡1, � + 1, � + 1, � + 1, 6 + ] − √]� − 12_6 , 6 + ] + √]� − 12_6 ;

# + 2, # + 2, # + 2, ] − √]� − 12_6 , ] + √]� − 12_6 ;    1⎦⎥⎥
⎥⎤

O
 

= 1�# − ����� + #� + �# + 3� + 3# + 3� c�# + 1�O��( − �� + 1�O��(�# + 2�O( d 

Where ] = 3� + 3# + 6,   _ = �� + #� + �# + 3� + 3# + 3 
This is result (12). 

IV. DISCUSSION 

In the derivation of (11), if we consider equation (14) and (16), we have  

 �# − ���# + 1��# + 1� H c�� + # + 2� + 2��� + 1���� + 1���# + 2���# + 2�� dO
�M! = 1 − �� + 1�O����# + 1�O���  

Replace a by a-1, b by b-2 �# − 2 − � + 1��# − 1�� H c�� − 1 + # − 2 + 2 + 2�����������#���#�� dO
�M! = 1 − ���O����# − 1�O���  

H c�� + # + 2� − 1����������#���#�� dO
�M! = �# − 1���# − � − 1� c1 − ���O����# − 1�O��� d 

H c�� + # + 2� − 1������  �#���  dO
�M! = 1�# − � − 1� c�# − 1�� − ���O��� �# − 1���# − 1�O��� d 

�� + # − 1� ���!���!�#�!�#�! + H c�� + # + 2� − 1����������#���#�� dO
�M� = 1�# − � − 1� c�# − 1�� − ���O��� �# − 1���# − 1�O��� d 

H c�� + # + 2� − 1������  �#���  dO
�M� = 1�# − � − 1� c�# − 1�� − ���O��� �# − 1���# − 1� ��#�O� d − �� + # − 1� 

 = 1�# − � − 1� c�# − 1�� − ���O��� �# − 1���# − 1� ��#�O�  − �# − 1 − ���# − 1 + ��d 

= 1�# − � − 1� c�# − 1�� − ���O��� �# − 1���# − 1� ��#�O�  − �# − 1�� + ���d 

H c�� + # + 2� − 1������  �#���  dO
�M� = 1�# − � − 1� c�� − ���O����#�O�  d ;       # ≠ � + 1 

Therefore  �� + # + 1� <�#=� + �� + # + 3� r��� + 1�#�# + 1�s� + �� + # + 5� >��� + 1��� + 2�#�# + 1��# + 2�?� + ⋯ B  CDEFG                        
= 1�# − � − 1� c�� − ���O����#�O�  d 

Where # ≠ � + 1. 

Which is well known solution of Appu Kuttan and Rama Aiyar [4,p.331, see also 8,p.199, 7,p.152] and it is correct 

form of  misprint result of Berndt and Rankin [3, p.242]. 

V. CONCLUSION 

In this paper we obtained truncated hypergeometric form for 4F3 and 6F5. First truncated hypergeometric form for 4F3 

is used to calculate the sum the series 
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 �� + # + 1� <�#=� + �� + # + 3� >��� + 1�#�# + 1�?� + �� + # + 5� >��� + 1��� + 2�#�# + 1��# + 2�?�       + ⋯ B CDEFG 

It means this truncated hypergeometric form can be used for calculating the sum of other complex series. Secondly, 

obtained one more truncated hypergeometric form for 6F5, that includes more numerators and denominators 
parameters. It generates sum of other series which was not possible by other methods. 

REFERENCES 

[1]. Agarwal, R.P., (1996).  “Rasonance of Ramanujan's Mathematics", Vol-I, Dover Publication, Inc., New York. 

[2]. Berndt, B.C., Choi, Y. S. and Kong, S. Y., (1999). “The problems submitted by Ramanujan. Journal of 

Mathematical Sociaty, Contemporary Mathematicians, (236). 

[3]. Berndt, B.C. and Rankin, R.A., (2003). “Ramanujan : Essays and Surveys. Hindustan Bbook Aagency (India),  

New Delhi, Indian Edition. 

[4]. Hardy, G.H., Seshu Aiyar, P.V. and Wilson, B.M. (2000). “Collected Papers of Srinivasa Ramanujan.", First 

Published by Cambridge (England ) University Press, Cambridge,  (1927); Reprinted by Chelsea, New York, 

(1962); Reprinted by  American Mathematical Society, Providence, Rhode Island., (2000),  31 (last line). 

[5]. Nagarajan, K. R.  and  Soundararajan, T. (1988).  “Srinivasa Ramanuja (1887 - 1920)”,  First Published by Mac 
Millan India Limited, Madras, Jaipur, Patna,  Bangalore, Hyderabad, Lucknow and Trivandrum. 

[6]. Prudnikov, A.P., Brychkov, Yu.A. and Marichev, O.I., (1990). “Integrals and series” Vol-3, More Special 

Functions”, Nauka, Moscow, (1986).Translated from the Russian by G.G. Gould, Gordon and Breach Science 

Publishers, New York, Philadelphia, London, Paris, Montreux, Tokyo, Melbourne. 

[7]. Rama Aiyar, K.R.  and Appukuttan Erady, K., (1916). “Solution of question 700 submitted to Indian 

Mathematical Society”. J. Indian Math. Soc., 8, p.152. 

[8]. Ramanujan, S., (1915), “Question No. 700 submitted to Indian Mathematical Society”. J. Indian Math. Soc., 7, 

p.199. 

[9]. Ramanujan, S. (1984).  “Note Book of Srinivasa Ramanujan", Vol-I, Tata Institute of Fundamental Research, 

Bombay, (1957); Reprinted by Narosa Publishing House, New Delhi. 

[10]. Ramanujan, S., (1984). “Note Book of Srinivasa Ramanujan", Vol-II, Tata Institute of Fundamental Research, 

Bombay, (1957); Reprinted by Narosa Publishing House, New Delhi. 
[11]. Rao, K. Srinivasa, (2004). “Srinivasa Ramanujan: A Mathmetical Genius”, Affiliated East West Books 

(Madras) Pvt. Ltd. Chennai, Bangalore,Hyderabad, (1998). Revised Edition Dec., (2004). 

[12]. Slater, L.J., (1966). “Generalized hypergeometric functions”, Cambridge University Press, London, New York. 


